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Abstract 

We prove Ornstein-Zernike behaviour in every direction for finite connection 
functions of the random cluster model on > 3, for q > 1, when occupa¬ 

tion probabilities of the bonds are close to 1. Moreover, we prove that equi-decay 
surfaces are locally analytic, strictly convex, with positive Gaussian curvature. 
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1 Introduction and results 


Ornstein-Zernike behaviour of correlation functions for Gibbs random fields and of con¬ 
nection functions for percolation models gives an exact power law correction outside 
critical points. Apart from its intrinsic interest, in the two-dimensional case it is related 
to the behaviour of fiuctuations of interfaces and therefore to the study of phases of two 
dimensional systems f |Gaj . |GGGj . [UI] . |GILj . |GIV2j . |GD-GIVj ). 

Initially Ornstein-Zernike behaviour has been rigorously proved in the high temper¬ 
ature/low probability region (see e. g. |BF] h In the last few decades these results have 
been extended to subcritical percolation models and to high temperature finite-range 
Ising models up to their critical points f |GGG] . |GI] . |GIV1] . |GIV2] h 

Above the critical probability connection functions converge to a positive constant 
as the distance of the sites tend to infinity. One is then led to study the asymptotic 
behaviour of finite connection functions, i.e. the probabilities that two sites belong to 
a common finite open cluster. These correspond for Gibbs random fields to truncated 
correlation functions. In |BF] Bricmont and Frohlich proved Ornstein-Zernike behaviour 
for truncated correlation functions of Ising model in the direction of axes in dimension 
d > 3 at low tempterature. In the same paper arguments are given, suggested by 
their proof, in favour of a different asymptotic behaviour in the two-dimensional case. 
A rigorous proof of this in the case of finite connection functions of two-dimensional 
Bernoulli percolation above critical probability is given in |GIL] . 

The analysis of the asymptotic behaviour of finite connection functions in dimension 
d > 3 has been carried on for Bernoulli percolation with the parameter close to 1 in 
[BPSj for connection functions along Gartesian axes and then in |GGj for connections 
in all directions. jBPS] uses cluster expansions, whereas |GG] exploits the methods 
developed in [Cl] and |GIV1] . |GIV2] . together with specific techniques built up to deal 
with probabilities of non-monotone events such as finite connections. Here we extend 
the results of [HG] to FK random cluster models, with q > 1, when the probability 
parameter p is close to 1. The exponential decay of finite connection functions of FK 
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random clusters can be established by using an inequality proved in [BHK] . 

In the rest of this section we present the main results of the paper and the notation 
that we will use. In the next section we prove the existence of the hnite correlation length 
for translation invariant Random Cluster measures and show that, for p sufficiently close 
to 1, hnite supercritical clusters, up to a negligible probability, have a one-dimensional 
structure. This will allow us to reduce the analysis of the exact asymptotics of the hnite 
two-point connection function to the proof of a local limit theorem result for an ehective 
stationary random walk via thermodynamic formalism. 


Acknowledgements. We thank R. van den Berg for pointing out the results of reference 
[BHK] on which Proposition 4 is based and the referee for useful comments. 


1.1 Notation 

Given a set A C M'^, d > 1, let us denote by its complement. We also set V (A) to 
be the collection of all subsets of A, Vn (A) := {A G P (A) : |A| = n} and Vf (A) := 
Un>i (A) , where |A| is the cardinality of A. Moreover, we denote by A, A respectively 
the interior of A and the closure of A and set hA ;= A\A the boundary of A in the 
Euclidean topology. Furthermore, for H C M'^, we set 

B + A\= {x + A) , (1) 

x&B 

where, given x G M'^, 

X + A:= {y : y - X e A} . ( 2 ) 

Moreover, we denote by |x| := 1^*1 ; ^y (•, •) the scalar product in and by 

INI •= V (■) ■) fh® associated Euclidean norm. We then set, for x ^ 0, x ■= •= 

{z G R'^ : || 2 ;|| = 1} and, denoting by B the closed unit ball in R"^, for r > 0, we let 
rB := |x G R'^ : ||x|| < r} and Br (x) \= x A rB. 

For any f G R'^ we dehne 


:= {x : {t,x) = 0} (3) 

to be the {d — l)-dimensional hyperplane in R'^ orthogonal to the vector t passing through 
the origin and the corresponding half-spaces 

:= {x G R*^ : (f,x) < O} , 

7^*’+ ;= {x G R'^ : (f,x) > 0} , 

so that, setting for t G R'^, := x -|- we denote by y := 7^*’+ Pi 

We also denote by dist (A, B) the Euclidean distance between two subset A, H of R'^. 


( 4 ) 

( 5 ) 
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1.1.1 Graphs 


To make the paper self-contained, we will now introduce those notions of graph theory 
which are going to be used in the sequel and refer the reader to jBoj for an account on 
this subject. 

Let G = {V, E) be a graph whose set of vertices and set of edges are given respectively 
by a hnite or denumerable set V and E (ZV 2 {V) . G' = (!/', E') such that V EV and 
E' E V 2 iy') n i? is said to be a subgraph of G and this property is denoted by G' C G. 
If G' C G, we denote by V (G') and E (G') respectively the set of vertices and the 
collection of the edges of G'. \V (G')| is called the order of G' while \E (G')| is called its 
size. Given Gi,G 2 E G, we denote by G 1 UG 2 := {V (Gi) U V (G 2 ) ,E (Gi) U E (G 2 )) C 
G the graph union of Gi and G 2 . Moreover, we say that Gi,G 2 C G are disjoint if 

V (Gi) n V (G 2 ) = 0 . A path in G is a subgraph 7 of G such that there is a bijection 

{0,li? ( 7 ) 1 } 3 i I— )■ V {i) := Xi & V ( 7 ) with the property that any e G i? ( 7 ) can 
be represented as {xi-i,Xi} for i = l,..,|i?( 7 )| . A walk in G of length / > 1 is an 
alternating sequence xq, ei,xi,ei, xi of vertices and edges of G such that Xi} 

i = Therefore, paths can be associated to walks having distinct vertices. Two 

distinct vertices x,y of G are said to be connected if there exists a path 7 C G such that 
Xq = x, x\E{'y)\ = y. A graph G is said to be connected if any two distinct elements of 

V (G) are connected. The maximal connected subgraphs of G are called components of 
G and their number is denoted by k (G) . Moreover, to denote that 7 C G is a component 
of G we write 7 C G. Given E' C E, we denote by G {E') := (V, E') the spanning graph 
of E' . We also dehne 



Given V C V, we set 

E(V'):={eeE:eCV'} (7) 

and denote by G [I/'] := (W, E (V')) that is called the subgraph of G induced or spanned 
by V . Moreover, if G' C G, we denote by G\G' the graph G [V\V (G')] C G and dehne 
the boundary of G' as the set 

dG' := {e e E\E{G') : \enV{G')\ = 1} c E . (8) 

1.1.2 The Random Cluster measure 

Let denote the graph associated to , with 

E<^:={{x,y}eV2{Z<^):\x-y\ = l} . (9) 

Let £0 be the collection of subgraphs of L'^ of hnite order. If G G £o) we denote by G 
the graph induced by the union of V (G) with the the sets of vertices of the components 


4 


of the h'^\G of finite size. We define the external boundary of G to be dG := dG. We 
remark that, given Gi := (Vi, Ei), i = 1,2 two connected subgraphs of L'^ of hnite size, 
by dHD, a (Gi U G 2 ) C dGi U dG 2 . Moreover, 

d (Gi U G 2 ) = a (Gi U G 2 ) <^dG[vJdG ~2 . (10) 

We then set Go := {G G £0 : dG = ^G} and denote by Gc the collection of connected 
elements of Gq. 

Considering the realization of as a geometric graph embedded in which, with 
abuse of notation, we still denote by we can look at it as a cell complex, i.e. as the 
union of and representing respectively the collection of 0-cells and of 1-cells, we 
denote by the collection of d-cells dual to 0-cells in L'^, that is the collection of 

Voronoi cells of L'^, and by (E'^)* the collection of (d — l)-cells dual 1-cells in L'^, usually 
called plaquettes in the physics literature. 

We also dehne 

(B ■= |{et,e 2 } e V 2 (W) : codim (Det n he^) = 2| (11) 

and consider the graph 0 := ((E'^)*, 0) . 

We remark that since duality is an involution: if E* C (E'^)*, E** = E C E'^. 

A bond percolation conhguration on L'^ is a map 3 e 1 —> Up G |0,1|. Setting 
n := {0,l}®^ we dehne 

n3uj^E{uj):= {eeE^ :uje = l} eV (E'^) , (12) 

Denoting by G := {G C : G = G (E) , E eV (E'^) } the collection of spanning sub¬ 
graphs of we dehne the random graph 

D3a;^G(a;) :=G(E(a;)) gG (13) 

and by k, (ca) the number of its components. Then, given / > 1, xi,.., G we denote 
by 

3 uj I —> (^) € (14) 

the common open cluster of the points xi, ..,xi G Z'^, that is the set of vertices of the 
component of the random graph G to which these points belong, provided it exists, and 
dehne, in the case is hnite, the random set to be equal to dG if G 

is the component of G whose set of vertices is C{xi,..,xi} and the random set 

•= . (15) 

Let E be the cr-algebra generated by the cylinder events of D. If A CC Z'^, let 
E^ be the subset of E'^ such that V (E^) = A and denote by Da := {0,1}*^ , by 
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the corresponding product cr-algebra and by 7a the cr-algebra generated by the 
cylinder events {a; G : wa G A}, where A C A'^, A G 7A- The Random Cluster (RC) 
measures on (see lEEl. |ES] i with parameters q > 1 and p := {pe}g^^d , where 
9 e I —> Pe G [0,1], are the dependent bond percolation probability measures P on 
(fi, J^) specihed by 


P(A|rA)=PA;,,p(A) P-a.s. , AgJ-, (16) 

where, setting for any tt G !!)(:= {a; G : cjg = T^e, e G E'^\E^} , PA;g,p is the prob¬ 
ability measure on (11,7^) with density 


P 


TT 

A;?,? 


(a;) 


1 

(7; P) 


n p“‘(1 

eGEA 



(17) 


where [u) is the number of the components of G (a;) intersecting A. 

Random Cluster measures satisfy the FKG inequality, that is, for any couple /, g of 
r.v.’s increasing w.r.t. the natural partial order dehned on f2, ^{fg) > P (/) P ((/). 
Moreover, the partial order of G induces a stochastic ordering on the elements of 
the collection of probability measures dehned by f[T7|l : namely, for any increasing r.v. 
/) ^^A-gpif) — if — ^ 2 - Hence, denoting by ^ such ordering, Vvr G 

Ta;(},p ^ ^A;q,p ^ ^A;(j,p 5 where PA;g,p ^ud PA;q,p staud for respectively the prob¬ 
ability measure with density dzu corresponding to the free (tt = 0 ) and to the wired 
(tt = 1) boundary conditions. Since, for ff =f,w, the (weak) limit of the sequence 

|TA;g,p| along any exhaustion {A} f lA exists (see e.g. |Grj Theorem 4.19) and is the 

Random Gluster measure which we denote by ^fp, the ordering ^ extends as well to 
Random Gluster measures and P^ p ^ P ^ P^p. 

Furthermore, denoting by Pp/ := Pi,p' the independent Bernoulli bond percolation 
probability measures on with parameter set p' = {Pelggg , by Theorem (3.21) p.43 of 
[Grj . we obtain the following stochastic domination inequalities 

Pp(,) S Ftp S P'p S Pp . ( 18 ) 

where Ve e E'', p, (q) := 

In the following, we assume the Random Gluster random held specihcation dehned in 
(m to be translation invariant; therefore we set, Ve G E‘^,pe = P- Moreover, we assume 
the Random Gluster measure Pg^p to be translation invariant. 


1.2 Results 

Theorem 1 For any d >3 and any q > I, there exists po = po {q, d) such that, \/p > pq, 
uniformly in x eIA as ||x|| —)■ cx), 

|C{o,x}| < (X)} = + o {!)) , (19) 

V (2^11^11)'^-' 
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where is a positive real analytic function on ^ and Tg^p an equivalent norm in 

As a by-product of the proof of the previous theorem we also obtain the following 
result. 

Theorem 2 For any d >3 and any q > I, there exists po = po {q, d) such that, Wp > po, 
the equi-decay set of the two-point finite connectivity function is locally analytic and 
strictly convex. Moreover, the Gaussian curvature of the equi-decay set is uniformly 
positive. 


2 Analysis of connectivities 


Given x,y E we set 


(f{x,y) := 


mm 


0 


{|S{^,p}(u;)| : a; e > 0}} x^y 


x = y 


( 20 ) 


if is symmetric and translation invariant, therefore in the sequel we will write 

(f{x,y) = ip{x-y) . ( 21 ) 

For any x E and k > ip{x) , let us set A*, (x) := {|S{o,x} (<^)| = and (x) : = 
V;>fcA; (x). We dehne 


fjk (x) := min {|f; (C{o,a;} (a;)) | : a; e Afc (x)} , 


( 22 ) 


and set A (x) ; = Ap(a;) (x) and consequently ■0 (x) := '0(p(x)- 

By Lemma 6 in |CG] it follows that that there exists C 2 = C 2 {d) > 1 such that, for 
any x E Z'^, 


1 ip (x) 

< C2 . 


(x) 


(23) 


Proposition 3 There exists a constant C 3 = C 3 (d) > 1 such that, for any p E (p*, 1), 
where 

p*=p*{q,d)-.= - S , (24) 


C3 ^ V 


7 






and any S > S*, with 


S* = S* {p,q,d) : = 


C3id)q{p+q{l-p)p2id) 1 

iOg pC2(d) 

log (p+g(i-p)) 


C3{d){l-p)q 

Pg,p({|S{o,a;}| > (1 + 5) (/? (x)} | {O < |C{o,x}| < Oo}) 

l+<5 ‘Pi^) 


< 


C3 


f g(i-p) 

\ p+g(i-p) 


a+5 




pi 


C2 


(25) 

(26) 


Proof. For any k > 2d, we define the (possibly empty) collection of subgraphs of 0 

(3k:={gc&:g = G [(ac")*] , G' e Gf ; \V {g)\ = k} . (27) 

We have 

{0< lC{o,x}| <oo}= V Akix) (28) 

k>ip{x) 

and, for any E G {E' C E'^ : i7' = E (cj), u G Afc (x) } , denoting by 

Afc [E] x) := {cj G Ak (x) : E (w) = E} , (29) 


we get 


Pg,p(Afc(x)) =Pg,p({a; G n : |S{o,a;}(w)| = k} |Aj, (E; x)) Pg,p (A^, (E; x)) (30) 

< Pg,p ({a; G G : |S{o,a;} (t^)| = k} |Afc (E;x)) . 

Moreover, because {|S{o,x}| = fc} is a decreasing event, it holds, since flT8|) is also valid 
for Pq^p ('I Afc (E; x)) (see [Grj Theorem (3.1) p.37), that 


({l^ioxll — k} I Afc (E; x)) < P__p_ {| S{o,a:} | — A^ (E; x)} 


(31) 




= 6 } 


< |Ga;| 


9(1 -P) 

p + q{l - p) 


We can choose for each g & (3k & minimal spanning tree Tg and consider the collection 
of graphs 

‘^k ■= {Tg ■ g ^ 0fc} • (32) 
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Since given a connected tree there is a walk passing only twice through any edge of the 
graph, there exists a constant C 3 = C 3 (d) > 1 such that |0fc| = Cg. Therefore, 


Pg.p {|S{o,x}| > (1 + d) (p(x) ,0 < |C{o,x}| < 00 } < Pg,p {|S{o,x}| > (1 + 95 ( 2 :)} (33) 


k>{l-\-5)ip{x) 


k>{l-\-5)ip{x) 


Since 

Pg,p{0 < |C{ 0 ,x}| < 00 } = ^ Pg,p (Afc (x)) > P,,p (A (x)) , (34) 

k>(p{x) 

for any E e ji?' C E'^ : \E'\ = 'll) (x) , E' = E (u) ,oj E A(x)} , denoting by A (E] x) : = 
{w G A (x) : E (w) = E},hjim and ([23]), 

Fg^p (A (x)) = Pg,p (A (x) IA (E; x)) Pg,p (A (E; x)) (35) 

> P,., ({ |S(o..) 1 = »> ( 2 :)} IA (£; x)) (A (B; x)) 


>Pp({|Sjo,,)| ^<fi{x)} |A(B;,t)) 

p(x) 


p+q(l-p) 

P 


p + q{l - p) 


1 p{x) 


> 


> 


p 


p + q{l - p) 

p 


[l-p] 


ip(x) 


\p + qil- p) 


C2 


(1 -P) 


if{x) 


Therefore, Vp G 




1 ) , choosing 5* as in fl25l) . Vh > h*, we have 


^q,P ({|S{0,x}| > (1 + d) P (a;)}| {0 < |C{0,^}| < 00}) 
1 


< 


f 9 ( 1 -P) 

3 lp+g(l-p) 


1 _ Co f '?d-p) 

3 \p+g(l-p) 


P 


C 2 




ol+'5 


^p+q{l-p) 
q 


(1 -p) 
N l+<5 


(p+g(l-p)) (^ P') 


ip{x) 

n ‘Pi^) 


p 


p+q{l-p) 


C2 


(36) 


Proposition 4 Give'll q > 1 and p G (0,1) let Fg^p he a translation invariant Random 
Cluster measure on with parameters q and p. Then, for an'y x G M'^, 

Tg,p{x) := lim -logPg,p{0<(—)■ [nxj , |C{o,Lna:j}l < 00 } (37) 

77- ^00 

exists and is a convex and homogeneous-of-order-one function on W^. 
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Proof. For any A C let us denote by Ea ;= UxeA ^ edges 

belonging to open paths starting at the vertices of A. 

Let now A be a hnite subset of such that A 9 0. For any two distinct lattice points 
e A, looking at l{o^x , '^{x^y , y^K'-} as functions of (E{a:},EAc) , they are 

both nondecreasing on Ej^.} and nonincreasing on Ea^. Therefore, by Theorem 2.1 in 
BHK] . 

^q,p ({0 i—> X , 0 A'^} n {x —>■ y , y *7^ A'^} | {x A*^}) > (38) 

IPg.p ({0 < —>■ X , 0 A'^} I {x ^ A'^}) Pq_p ({x <—>■ y , y *7^ A'^} | {x ^ A'^}) , 

that is 


A'^} {0 < — > X , X < — > y , X A^} > Pg^p {0 <—> x , x ^ A'^} x (39) 

X Pg,p {x <(—)■ 1/ , X ^ A'"} , 


which implies 

Pq.p {0 — )■ X , X —)■ y , C{0,x,y} n A"" = 0} > Pg,p {0 —)■ X , C{o,x} n A'" = 0} X 

(40) 

X Pg,p {x — )■ y , n A'" = 0} . 


But 


Pg,p {0 M y , C{0,y} n A" = 0} > Pg,p {0 M X , X M y , C{o,x,y} n A" = 0} , 

(41) 

hence 

Pq,p {0 ^ y , C{0,y} n A'^ = 0} > Pg,p {0 M X , C{ 0 ,x} n A" = 0} x ( 42 ) 

X Pg^p {x ^^ y , C{a;,p} n A'" = 0} . 

Taking the limit A '( Z'^ we have 

Pq,p ({0 ^y , |C{o,p}| < 00}) > Pg,p ({0 ^—)■ X , lC{o,x}| < 00}) X ( 43 ) 

xPg,p({x^— >y, |C{,j,,p}| < cx)}) . 

Proceeding as in the proof of Proposition 15 in |CG] we obtain the thesis. ■ 


2.1 Effective structure of connectivities 

2.1.1 Definitions 

Let t G M'^. Given two points x, y G Z*^ such that {x,t) < {y,t) , we denote by C^^^y} 
the cluster of x and y inside the strip iS* g, if they are connected in the restriction of the 
conhguration to S^ y. 

Let u be the hrst of the unit vectors in the direction of the coordinate axes Ui, ..,Ud 
such that {t, u) is maximal. 
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Definition 5 Given t G let x,y E sueh that {x, t) < {y, t) be eonneeted inside 
Sly. The points b E C\^yy sueh that: 

1. {t, X + u) < {t, b) < {t,y — u) ] 

^{x,y} n ^b-u,b+u = {b-u,b,b + u}; 

are said to be t-break points of C{x,y}- The collection of such points, which we re¬ 
mark is a totally ordered set with respect to the scalar product with t, will be denoted by 
B* {x,y). 

Definition 6 Given t G let x,y E such that {x,t) < {y,t) be connected inside 
S^ y. An edge {b, b -\- u} such that 6, 6 + -u G B* {x, y) is called a t-bond of C{x,y}- The 
collection of such edges will be denoted by E* {x, y ), while B* (x, y) C B* (x, y) will denote 
the subcollection of t-break points b of C^x,y} such that the edge {b, 6 + m} G E* (x, y). 

For any t E'EA and e G (0,1), let 

Ce (t) '■= {x G : (t, x) > (1 — e) ||a:||} . (44) 

Definition 7 Given t E let x,y E Z'^ such that {x,t) < {y,t) be connected inside 
S^y. Then, for any e G (0,1) : 

1. X is said to be a (t, £)-forward cone point if C^^^x+u} ~ {x,x + u} and C{x,y} Fl 

Cx + C,{t); 

2. y is said to be a {t, e)-backward cone point if C|^_^ y} ~ ~ 

Cy-Ceit); 

3. z is said to be a {t, e)-cone point if z E {x, y) and C^z^y} C z -\- C^i^t), C^x,z} C 
z — Ce (t). The collection of (t, £)-cone points is denoted by K* {x, y). 

Definition 8 Given t E let x,y E Z'^ such that {x,t) < {y,t) be connected inside 
Sly. Then, for any e E (0,1) : 

1. C{x,y} is said to be (t, £)-forward irreducible if x is a (t, e)-forward cone point and 
K* {x + u,y) = 0; 

2. C{x,y} is said to be (t, e)-backward irreducible if y is a {t,e)-backward cone point 
and K* {x, y — u) = 0] 

3. C{x,y} is said to be (t, £)-irreducible if x,y E K* {x, y) and K* (x + -u, y — -u) = 0 . 
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Notice that by definition, if x is a (t, e:)-forward cone point, then is also a 
forward cone point for any e' G (e, 1) .The same remark also applies to (f, e:)-backward 
cone points and therefore to (t, £)-cone points implying K* (x, y) C K*, (x, y). Hence, 
if for f G and x,y G as in Definition [HI there exists e G (0,1) such that 
Ci{x,y} satisfies either condition 1 or 2 or 3 of that definition, then C{x,y} is said to 
be respectively t-forward irreducible, t-backward irreducible, t-irreducible and we de¬ 
note by K* (x, y) ;= lJeG(o i) d) collection of t-cone points of C{x:,y} as well as 

(x, y) := {e G E* (x, ?/) : e C K* (x, y)} . 

Definition 9 Given t G let x, ?/ G such that (x, t) < {y, t) be connected. Two 
subclusters 71 and 72 of are said to be compatible, which condition we denote by 

7i UTS) */ ^^ 6 ?/ connected and there exists 6 G K* {x,y) such that 71 is a subcluster 
of C{x,b} n containing b and 72 is a subcluster of C{b+u,y} H Tlb+u containing h + u. 

Therefore, two subsets Si,S 2 of will be called compatible, and we will still 

denote this condition by Si ]Js 2 , if there exist two compatible subclusters 71,72 of C{x,y} 
such that Si = {d^f)* fl i = 1,2. 

2.1.2 Renormalization 

In Lemma 4 and Proposition 5 in |CGj we proved that (p is subadditive and the sequence 
Vn G N, 9 X 1 —)■ Pn{x) := G M+, converges pointwise 

on and uniformly on to a convex, homogeneous-of-order-one function p. As in 
[HG] we also define 



(45) 




Given x G Z'^, let t G f)>V (x) := {w G OW : {w, x) = p{x)} . 

For G M larger than 1, let us set ijq = Iat (x) — 1 and 



(46) 

(47) 

(48) 


With a slight notational abuse we still denote by S{o,x} hs representation as a hypersur¬ 
face in and define 



( 49 ) 
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We call crossing any connected component s of S- snch that, denoting by /C (s) the 
compact snbset of 5* whose bonndary is s, there exist y G "H*’” and y' G nZ'^, 
both belonging to C{o,x}, which are connected by an open path in fl /C (s). 

We remark that since C{o,a:} is connected, the existence of two crossings in Sj implies 
the existence of two disjoint paths connecting "H* and "Hi+i while the converse does not 
hold trne in general. 

We say that a slab Si is good if S* is connected and made by jnst a single crossing 
of size smaller than twice the minimal one, otherwise we call it bad. 

In |CG] we proved that, for g = 1, for |S{o, 3 ;}| < (1 + <^) ( 2 ^) ? with 5 > 5* given in 

fl25|l . the nnmber of bad slabs is at most proportional to 5-^. This is a pnrely determin¬ 
istic statement. To make the paper self-contained we rederive it here. 

Given t G M'^, for any x,y E snch that (t, x) < {t, y) , in |CGj . we introdnced the 
fnnction 

{x,y) := min |{e* G (w) : e* C , (50) 

where 

{H‘^WP:= U {|C,.v)|>0}. (51) 

(x' ,1;') " HZ'* X -Hy’ + nz'i 

which, by translation invariance, we can write (pt {x, y) = (pt{y — x), and proved (see 
|GGj Lemma 17) that, for any x G and t G hW, (j)t (x) := lim„_,.oo = (p{x) . 

Let rj be the fraction of slabs containing a portion of Sjo,*} whose size is larger than or 
eqnal to twice the minimal size of a single crossing. Since any crossing is composed by 
at least (f)t ([A^xJ) plaqnettes, we have 


{r]2(j)t{[Nx\) + {l-r])(pt{\_Nx\)) = ^{l + r])(f)t{[Nx\) <{l + 6)gj{x) . ( 52 ) 


Moreover, given e > 0, there exists > 0 snch that, for any x G Z'^ fl {ReBY , 
cp (x) < (p (x) (1 -1- e). Hence, choosing N snfficiently large snch that (pt ([A^xJ) < (pt (Nx) (1 -|- e), 
since t G hW (x), (Nx) = (p (Nx) and, by the previous inequality, we get y < 5. Fur¬ 
thermore, since the number of plaqnettes of S{o,a;} exceeding (p (x) is at most dip (x), if 
S{o,a:} does not give rise to multiple crossings and Si is a bad slab, the components of 
S( which are not crossings must be connected either to or to Therefore, the 
number of bad slabs with a single crossing is at most the same as the number of such 
triples of consecutive slabs, the last being smaller than 5-^. Hence, the total number of 
bad slabs can be at most equal to 26^^. 

Let t G hW (x). Denoting by an orthonormal basis of where vi = i and 

orthonormal basis of R^, we define, for z G 0, ..,tAr and n := ( 71 , 2 , ■.,nd) G 

Qn {i, n) := sin Pi { 2 : G M"* : (vj, z) G [njN, (uj -t- 1) 77]} , (53) 

j=2,..,d 
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which we call N-blocks. 

For any i = 0 ,..,t 7 v, we define the N-sets (i) to be convex hull in of the 
iV-blocks {Qn intersecting S*. Denoting by the set of good slabs, 

the corresponding iV-sets (b), will be called good while the remaining A^-sets bad, 
while the set 

tjv 

(*) (54) 

i=0 

will be called N-renormalized cluster. 


Definition 10 Given e G (0,1) and I G {1, .., 0 Ar} , a point of z E C\^ is called a {t,e)- 
correct point and the collection of these points is denoted by K* ( 0 , x), if 

4;—1 tjv 

\jB^^{j)Gz-C,{t) , IJ B^^{j)Gz + C,{t) . (55) 

j=0 j=il+l 


Thus, setting Ijv := (0, x)|, K* (0, x) = {^i,. Let C such 

that, for any k = 1, Iat, 3 Zk and define 

(^) := ii^k + Ce (t)) n {Zk+i - Ce (t))) , /c = 1 ,Iat - 1 . (56) 

We select among these compact subsets of 'Mf those containing lJiS),+i D)\r (j) and de¬ 
note their collection by {D* {km)}l^Zi ■ 

Lemma 11 There exist e G (0,1) sufficiently large and a positive constant C 5 = C 5 (5, e ), 
such that Cn > 

Proof. Let M a positive constant to be chosen later. If {5* , we set mf := ii and 

rf := min |/c G {zi, ■.,tAr + 1} : |S)| > MN {k — Zi)| ; (57) 


mj := mm 


{r+ + l,..,tjv + l} ; 


:= mm 


k G {mf, ..,tAr -h 1 } ; ^ |S*| > MN [k - mf) 
Analogously, we define mf := and 


j=mJ 


9N 


ri := max<^ k G {O,..,i 0 j^} : X] |S5| > MN {ig^ - k) 

I j=k 

m~ := max{ 0 ,..,r" - 1 } n{fi,..,Zg^} ; 

{ m- 

k G { 0 , ^ |Sj| > MN (m“ — k) 

j=k 


(58) 

(59) 

(60) 
(61) 
(62) 
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Since |S{o,x}| < (1 + <^) ( 2 ^) and since by Remark 3 in |CGj there exists c+ = c+ (d) > 1 

such that If (x) < c+ ||x|| , we get 




(i + i)<;+lkll>I] I] |S‘ 


Z ^ 1 'j 

d i 


> Y, (m +1 - 1 - r+) MN 

i>l 


(63) 


as well as 

(r- - - 1) < ||x|| . (64) 

i>l 

Hence, if we denote by the number of the slabs labelled by the rf''s and r“’s re¬ 
spectively and by the number of the (good) slabs labelled by the ’s, we obtain 
ll^ll choosing M > 2 {1 + 6) c+, 


Cn 


W}SnH-}S 


> 





(65) 


This implies that we can hnd e = e {6, d) and, setting [mf =: {mi,mc^} , 

in each S^., i = I,Cn, a {t, £)-correct point Zi such that (k) D (j). m 

By construction, for any k = 1 ,Cn, each Zk belongs to a given (b), / = 1,Sw- 
Therefore, if also Zk + u = Zk+i G (b) , by the hnite-energy property of P^^p, the 
probability that {zk,Zk + u} G S^{0,x) is bounded below by = I3{M,N) > 0 re¬ 
gardless of the percolation conhguration outside the A^-set D)y (p). Hence, for a hxed 
iV-renormalized cluster containing a subset {zi, Z 2 l} of f-correct points such that, 
Vf = l,..,L,Z 2 j = Z 2 j_i -|- u and any pair {z 2 j_i,Z 2 i-i + u} belong to distinct A^-sets 
D)y(h),/ G {l,..,gjv}, the conditional distribution of |T*(0,a;)| given £jv stochasti¬ 
cally dominates the binomial distribution of parameters 2L and jd. Since the number of 
f-correct points In > 05 -^, we have: 

Proposition 12 For any p G (p*, 1) sufficiently close to 1 and 5 > 5* sufficienly small, 
with p* and 6* given in respectively and uniformly in x and in t E hW (x), 
there exist two positive constants Cq = Cg (5, e), Cy = Cy {N, M,p, q, d) such that 

P,,p (^|^‘( 0 ,x)| < cg^ll {0 < |C{o,.}| < 00 }^ < . ( 66 ) 


2.1.3 Reduction to a one-dimensional thermodynamics 

Since by Dehnition [7] K* (0, x) C B* (0, x), it is a totally ordered set with respect to the 
scalar product with t, we can relabel the elements of K* ( 0 , x) in increasing order and con¬ 
sider K* (0, x) := Vi>i {k, bi+u} C K* (0, x ), where Vz > 1, ( 6 ^+ 1 , f) > {k, t ), {k, bi+u} e 
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(0, x) , which implies that is a t-irreducible subcluster of C{o,x}- Therefore, 

we have proven that, with probability larger than 1 —, there exists e = £ (5) G ( 0 , 1 ) 
such that, as in the subcritical case |CIV2] . C{o, 3 ;} can be decomposed as a concatena¬ 
tion of (f, £)-irreducible compatible subclusters, that is C{o, 3 ;} = 7 ^ U 7 i U U U 7 '^) 
for some n G M, n > ^ ||x|| , where 7 ^ = C{o,fei} H is (f, e)-backward irreducible, 

= C{b„+I,x} is (f, e)-forward irreducible and, for i = 1 , ..,^, 7 * = is 

(t, £)-irreducible. From this follows, by De£nition[9l that S{o,a;} can be decomposed as a 
concatenation of compatible subsets, namely 

S{o,x} = s^]Jsi]J ..]Js„]Js^ , (67) 

with = ( 57 ^)* n S{o,a:},s^ = H S{o,x} and for i = 1, ..,n,Si = (^ 7 ^)* fl S{o,x}- 

The elements of such a decomposition of S{o,x} will also be called t-irreducihle. 

If s is a realization of the random element Sj,z = 1, ..,n, part of the just described 
decomposition of Sjo^x}! considering the just given representation of K* ( 0 , x) , we dehne 

i- (s) := max {i > 1 : s C 7^^ i ^ K* (0, x)} , ( 68 ) 

i+ (s) := min [i > i_ {s) + 1 : s C ; 6 * G K* (0,x)} . (69) 

Moreover, if s is a realization of s^, we define 

i+ (s) := min {z > 1 : s C ; 6 * G K* (0,a;)} , (70) 

and set 6 _ (s) := bi_(s), (s) := &i+(s). Clearly, by dehnition, e_ (s) := { 6 _ (s), 6 _ (s) + n} 

and e+ (s) := { 6 + (s) — u, 6 + (s)} belong to £* (0, x). We also set A^, to be the subset 
V of such that (9G [C] (0, x))* = s. Hence, dehning, for any realization s of 

, Z 1, .., TZ, 

Hs := jo; G H : 37 IZ G (a;) s.t. (dj) D s ; cug = 1, (71) 

Ve G {e_ (s), e_ (s) +u}\/ {e+ (s) - n, e+ (s), }| , 
for any realization Sb of s;, 

^Isb := |a; G H : 37 IZ G (cn) s.t. (^z)* D S;, ; cUg = 1, (72) 

Ve G {e+ (sfe) - n,e+ (s^)}} 

and for any realization Sf of Sf 

Hsj. := jo; G H : 37 Z G (oj) s.t. Z s/ ; Ug = 1, (73) 

Ve G {e_ (s/) ,e_ (s/) + n}} , 
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(74) 


up to factors of order 1 + o (e , 

IPg,p{ 0 ^— >x, |C{o,a;}| < 00 } = 

* 

EZE E p {0 -)■ X , S{0,x} = SfelJ-5llJ--lJSnlJs/} 

Sb^OSf^X n>l (si,..,5n) 

* 

= EEE E p».r(s^»n(nr=ia)na,). (75) 

SfcSOs/Sa; n>l (si,..,s„) 

where := ^ = h, f, 1, n, and Ylsf^x stand respectively for the sum over 

the elements of 

|s C (E)* : s = ( 57 )* n S{o,x} s.t. 7^0 and is t-backward irreducible | , (76) 

|s C (E)* : s = (57)* n S{o,x} s.t. 7 3 a: and is f-forward irreducible | , (77) 

while the last sum is over all the realizations (si,..,s„) of the strings (si,..,s„) of t- 
irreducible compatible subsets of S{o,x}- 


Decomposition of probabilities Setting, for any n > 1, 

{s#} := {w e : s# (ta) = s#} , # = 6, /, 1,.., n 


and 


we have 


pf _. pf . pf =• F*" 

As^U{fe_(s6)};g,p • q,p-,sl ) (sy) ;g,p ‘ XP\s*j ’ 

pf _. pf 

^{b-(si)}UAs.U{b_(si)};g,p • ^q,p\s* ■> 

pf ^ =• 


n,p n (fiLi^O n f^/l {Sb} n (fiLi {s*}) n {sf}) 

n 

2=1 


and 


(^#) ~ (^#1 {^#}) “ ^y,p;s^ (^#) {^#} > f • 


(78) 

(79) 

(80) 
(81) 


(82) 


(83) 
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Therefore, 


P,,p n n f!;) = P,., (fit) P,., (f!,) n p;,;,. (f!i) X ( 84 ) 

i=\ 

^ (M n (nr=i {^»}) n {g/p 

IPg,p {Sfe} Pq,p {S/} 

Furthermore, the last term in the r.h.s. of the previous formula admits the equivalent 
decompositions 


n,p(Wn(nr=i{^J)n{g/}) 

Pq,p {Sfe} Pg,p {■§/} 


n,p(wi(nr=i{^j)nw}) ^^ 

Pg,p{Sb} 


(85) 


n—1 

^ I (ni=j+l {'5*}^ dl {'5/}^ ^<?,P ({'^n} I {s/}) 

i=i 


{'®/} 


( 86 ) 


X n I (nr=r' ^ i 

j=0 


Once we have fixed sj, and Sf, we choose one of the just dehned representations, 
say the first, and, for any n E N, denoting by X” the collection of strings (si, ..,Sn) of 
f-irreducible compatible subsets of S{o,x}, we set 


Xj 9 (Sl, Sn) ^ t Q ('Si; ••) Snj '5b, 5j) . 


n,p(wi(nr=i{^.})n{5/}) 

Pq,p {Sb} 


e [0, +CX)) , 


(87) 


I" 3 (si,..,s„)'—> S(si,..,s„;s,-) := logP'_p„. (SJi)P„ ({s,} | (0^2 {Sj}) ^ {*/}) € (-00,0] . 

( 88 ) 


Let &t ;= UnGN^”) where is the set of inhnite sequences s := (si,...) such that 
the string composed by the hrst n symbols appearing in s label the elements of X”, while 
the remaining symbols are hxed to be the empty set. Setting, for any s, s' G &t such 
that s 7 ^ s', i (s, s') := min {k > 1 : Sk s'^} and, for any complex-valued function / on 
©t, varfc (/) := sup|^ g,ge^ . i(s^s/)>fc} \f (s) — / (s')] , let Sje be the Banach space of real 
bounded continuous functions on &t which are also uniformly Hblder continuous for a 
given exponent 9 < 1 endowed with the norm H-Hg := 11-1100 + supfc >2 

In the next subsection we will prove that g{-]Sb,Sf) and S(-;s/) admit a unique 
extension on Sjo for some 9 < 1 denoted respectively by gs^,sf and This will allow 
us to define the Ruelle’s operator 

k^sffis) := ^e“'’/^''’-V(5,s) , f ESje , (89) 

seit 
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where Xj := X/, whose largest isolated eigenvalue is hnite and has multiplicity 1, since 
by Proposition IT^ 


sup 

se&t 


s^'Lt 




< (X) 


(90) 


Therefore, up to factors of order 1 + o (e , by fTM]) . 


Pq.p {o 


—)■ X 


^{0,3;} I 


< oo 


Si,s0 Sf^x n>l 


Q,P 


(!Ji,)P,,P%)[A,]”9«..,(0) . (91) 


where 0 stands for the sequence (0,...) G &f 
Let 

•^9.p •= n ^ y) < Tq,p(y)} (92) 

the convex body polar with respect to Ug^p := ||/ G : Tg^p (?/) < l} . Since and (p 
are equivalent norms in if n G is polar to x (i.e. {v, x) = Tg^p (x)), we can choose 
t = t{v) as one of the elements of DW {x) maximizing its scalar product with v. Notice 
that, by translation invariance of the RC random held, we can consider any realization 
of S{o, 3 ;} as a collection Sb, (si, ,Sf of realizations of its f-irreducible components 
modulo Z'^-shift patched together. Then, for any element Sj,i > 1 of the f-irreducible 
decomposition of S{n .^} fl67)l we dehne 


X (Si) := bi+i - bi . (93) 

Thus, up to factors of order 1 + o , we can write 

{0 <—> 1 . |C(o,j;)| < oo} = (94) 

= E E E E (Si/) X 

yenl’+nHl'+ z£H'^-nHl; s^^-ysf^x-z 


-E E 

n>l {si,..,Sn) ■■ T,i=l^{Si)=Z-y 




Pq,p (rib) ^q,p (ri/) 


E E E E E (^i) *”/-/(%)' 


,{v,x-{z-y)) 


y€Hl’+nnl'+ z&'Hl-CXH^^- SbS^-ysfSx-z n>l 


Cl 


9sb,Sf (0) 5 


where, assuming the shifts of f-backward and t-forward irreducible clusters are nor¬ 
malised in such a way that bi = bn+i = 0, Yhsb^-y^ Yhsf^x-y stand respectively for 
the sum over the elements of 

|s C (E)* : s = ( 57 )* n S{o,x} s.t. 79 —y and is f-backward irreducible | , (95) 
|s C (E)* : s = ( 57 )* n S{o,3;} s.t. 'y 3 X — z and is f-forward irreducible| (96) 
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and, is the tilted Ruelle’s operator on defined, as in flS^ . by the potential : 
X” —>■ R such that 


S4si,..,s„;s/) := (l]i)Pg,p (^{si} I (0^=2 {^j}) ^ {s/}) • (97) 

We refer the reader to [CIVlj sections 3.2 and 4 for further details on Ruelle’s Perron- 
Frobenius theorem on countable alphabets. 

Polymer expansion for the snpercritical Random Cluster model A polymer 
expansion for the supercritical Random Cluster model has already been set up in lEa 
for any q > 0. However, in order to prove Proposition [H] below, instead of adapting to 
our purpose the formalism developed in that work, we find it more convenient to perform 
the expansion in a form closer to the one presented in |KPj . 

We can look at the elements of the collection of the connected subgraphs of finite 
order of 0 = ( (E'’*) , iS) , where 0 is defined in flTT]) . as a set of polymers which we denote 
by S. Two polymers s, s' G S are said to be compatible, and we write s ~ s', if they are not 
connected (as subgraphs of 0), otherwise are said to be incompatible and we write s s'. 
Given S' C S, we denote by (S') the collection of the subsets of S consisting of mutually 
compatible polymers and call contours the elements of fPo (<5') := {a G ^ (S') : |(7| < oo} . 
We also set fp := ^ (S) , fPo := (S) . Given S' G P/ (S) , s G S we write S' s if there 

exists s' G S' such that s' oo s. Moreover, we call S' a polymer cluster if it cannot be 
decomposed as a union of 81,82 G P/ (S) such that every pair Si G S'i,S 2 G 82 is 
compatible. We denote by C (S') the collection of polymer clusters in 8 and let C be the 
collection of polymer clusters in S. 

Given A CC Z'*, we denote by Sa the subset of S such that, for any s G Sa, s C 
G , where we recall that, for any A C G [(E'^)*] is the subgraph of 0 induced 

by (E'^)* . We also set Eg := V (Uses^) • Then, we define (S') to be the number 
of the components of (^Z'^,E‘^\Es) and Kf(8) to be the number of the components of 
(A,E''^\P 5 ) . Moreover, for any s G S'a, we set ||s||^ := (s) — 1, # =f,w. 

Let ^Pa := ^ (Sa) • We remark that, given s G S'a, for any a G ^Pa such that 
a 9 s, ||s||^ = K# (a\s). 

The function 

q^A 3 I—t T# (a) := JJ G R+ , # = f,w , (98) 

sSo- V 7* / 

where we set 4/^ ( 0 ) := 1, is called activity of the contour a. Since, ||s||^ < |s| ,we get 

T#(a) < JJ . (99) 

s€(T ^ / 
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We then define, for any S' C Sa, 


(7e‘P(S) (7e‘P(S) sG(t ^ ^ / 

Considering for each s G Sa a minimal spanning tree and bonnding their nnmber as 
in Proposition [31 we obtain that we can choose Cg > 0 such that, for p G (po) 1) i with 
po =Po {q,d) := J , 

QCZ 2+cg 


E 


^csls'l 


s'GSa : 


-g < |s| - 


^ ^8 I I 
- 


( 101 ) 


Therefore, given s G Sa, if ^ (s) denotes the diameter of V (s) considered as a subset of 
M'^, since £ (s) < |s| , 


E 

s'gSa : s'^s 


gf|s'| + f£(s') 


1 — p 
p 


l='l 


Thus, by the theorem in |KPj . for any S C Sa, 


< £5|s| . 

■J - 2 I I 


( 102 ) 


log3jP'S)= E '’#(5) ' # = f'* 

s"ec(s) 


where, setting Ca := C (Sa) , 


C^3S^^f(S):= (-lf'-'^''log3l(S') 

S'eP(S) 


is such that. Vs G Sa, 


SGCa : Soos 


(103) 


(104) 


(105) 


Condition fllOSp provides the existence of thermodynamics for the polymer model 
with partition function 3\{q,p) ■= Xlo-ecpA existence of the limit 

lim/^^-yd along anv cofinal sequence fsee jCejl {A} T/ Ea, this limit being 

independent of the boundary conditions. 

Considering the realization of the elements of the decomposition of S{o,a;} given in 
fl67)l as elements of S we have 
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Lemma 13 Let Sj be realizations of respectively si,s,sj. Then, by ffTBJ and 

/ f^) there exists Cio > 0 such that 


({'^ 1 } I ^ 1'^/}) ^ g™ g-cio(^ist(si,s/As^) 

P9,p({5l}|{s}n{s}}) “ 


(106) 


Proof. By ffTT)) . fllOOp . and fll03|) . we obtain 

^q,P I {^f}) ^ ^q,P ({’^1} bl {3} n {Sf}) Pg,p ({g} H {g/}) 
Pj-p ({«i} I {*} n { 4 }) P,p ({si} n{s}n {«;}) P,p({s} n {s/}) 


(107) 


= exp 


5 ^ t},(s)- Y, 

SgC : S'-T^si ^ s SgC ; Srios T T 


E (■») 


E 




Sec : SposOs'j. 


See : JJ s JJ 


= exp ^ -dw (S') - (S) 

5gC : Sr>osi,Soosf SgC : S'yosi,S'y^s'j, 

exp ^ ?9w(S) . 

See : Sp^sijSp^s/As^ 


Since, by definition of si,Sf and s'j, there exists e > 0 and 6+ (si), b- (s/), 6_ (sj) G 
such that Si C 6+ (si) — Ce {t), s/ C b- (s/) + Cs {t) and s'j C b- (sj) + Ce {t) , 

for any s G S' such that S' G C and S' si\/ Sf,i {s) > ||f)+ (si) — (s/)||. Hence, 

given C G (0,1), let us define, for any 

^iCNM ■= '^X-iKN ^ ^2 is the element of the set {b_ (s/), 6_ [s'^)} 

closer to bi := 6+ (si) w.r.t. the Euclidean distance. Setting := Si fl , s^^^ := 

(s/Asj) n there exists Cg = Cg (e) > 0 such that, by fllOSj) . we have 


5^ i<i„(s)i = 5^ 


E 


l<)w(S)| 


(108) 


SgC. : S'yosi^S'^sf 


k,i>0see : Spos s.t. sesf^ys^p 

SGC : SryOS S.t. V S^p 


< e VI 


(fc) „(0 
/ 


k,l>0 


< ( CgCA 


^^g-csr^d-l 


A straightforward consequence of this result is the following 
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Proposition 14 There exists 6 = 9{p,q,d) G (0,1) and two positive constants Cii,Ci 2 
such that uniformly in v E dAq^p,t-irreducible subsets Si,Sb, strings of t-irreducible sub¬ 
sets s, s', and pairs of t-irreducible subsets Sf,s'jr : 


cii < g {s\sb,Sf) < — , (109) 

Cll 

\g{si,s\sb,Sf) - g {si,s!\sb,s'j-) \ < 0126 ^^-'-'^ , ( 110 ) 

S^(si,s|s 6 ,s/) -Ey (si,s'|sb,s'j)| < € 126 ''^-’-^ . (Ill) 


2.2 Exact asymptotics of finite connections 

We refer to |CIVlj section 5 for the derivation of local limit type results associated with 
Ruelle’s operators on countable alphabets. 

Let p G {po V p*, 1) . For any n G N, the measure on X”, 

uf^{si,..,Sn\sb,Sf) := e^^=i““(^'’”’*"’^^)5((si,..,s„;sb,s/) (112) 

allow us to represent (IM)) as 

lC{o,.}|<oo}= EE E 

j/e'Ho’+rTK*’+ z£Hl~nHl:~ Sb^-ysj^x-z 

(113) 

^ I (Si) = S - J/lst. S/ 

n>l V*=l 

Because Proposition [12] implies 

^ {Vtb) ^ (fl/) (114) 

s^^—u Sf3u 



uniformly in u G the main contribution of the r.h.s. of fIMll comes from the last 
sum in 011311 when z — y is close to x and n is close to the optimal value. Therefore, 
preceding as in section 4.1 of |CIV2j we have 

E f E ^ (s*) = ^ - y\sh, S/] = (Sb) F (Sf) (1 + 0 ( 1 )) , (115) 

n>i \j=i / Y (27r ||a;||)'^ ^ 

where 0 is a locally analytic positive function dehned on a neighborhood of x in 
and X is a function on the set of all the possible realizations of t-backward and f-forward 
subsets Sb and Sf which is bounded above and below. 


^-y)} X 
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This proves Theorem [T] with 


%.P (i) = e,,, («) P,,p {flj) e<”’“>F (s/) , (116) 

\ne'Ho’+nHo’+ / 
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